Using a method originally proposed for describing a continuum-space polymer fluid, a new expression for the Helmholtz energy of mixing is proposed for a binary lattice mixture. Molecular size asymmetry and nonrandomness due to segment-segment interactions are taken into account. An expression proposed by Yan, Liu and Hu for a binary lattice mixture of monomers, based on the Ising model, is used as a reference system. Calculated critical constants and liquid-liquid coexistence curves are in good agreement with Monte Carlo simulations for lattice mixtures with modest size asymmetry. Because lattice spacing rises with increasing temperature, comparison of calculated binary liquid-liquid equilibria with experiment requires that calculations take into account that the interchange energy falls as temperature rises. While the new expression for the Helmholtz energy of mixing provides much improvement over the Flory-Huggins equation, calculated liquid-liquid equilibria for three binary systems are similar to those from Guggenheim's quasi-chemical theory.
Introduction
In the early years of physical chemistry, about 120 years ago, there was much interest in the thermodynamic properties of binary liquid mixtures. Because over the years, this interest has continued, the technical literature is rich in experimental and theoretical studies of the equilibrium properties of binary liquid mixtures. Most attention has been given to the Helmholtz energy of mixing ∆ mix A.
While many other theoretical ideas have been proposed, lattice theory provides a particularly simple method to calculate ∆ mix A [1] [2] [3] . In this theory, each molecule occupies one or several connected sites on a three-dimensional lattice; only interactions between nearest-neighbor sites are considered. ∆ mix A consists of two parts, an athermal part that describes the combinatorial entropy contribution, and a residual part that is due to interactions between molecular segments. The athermal contribution to ∆ mix A is determined only by the shapes and sizes of the molecules and by the mixture composition. The best-known result for athermal ∆ mix A is given by the Flory-Huggins theory of polymer solutions [4, 5] .
The central problem for describing residual ∆ mix A is to establish a relation for describing the effect of nonrandomness, that is, the tendency of molecules to show some preference in choosing their immediate neighbors. In the simplest case, for mixtures of equi-sized molecules, if we assume that there is no preference, mixing is entirely statistical; in that event, we have what is called a "regular" solution [6] with a very simple result for residual ∆ mix A. To take nonrandomness into account, about 70 years ago, Guggenheim [2, 3, 7] proposed a well-known approximation known as the quasi-chemical approximation.
At normal conditions, for relatively simple mixtures where the components are (nearly) nonpolar and do not exhibit hydrogen bonding, nonrandomness has little effect on ∆ mix A. However, if the two components are sufficiently different to show limited liquid solubility, the effect of nonrandomness becomes important, especially in the region near the upper critical temperature, that is, the temperature where the two equilibrated liquid phases become identical. To represent the liquid-liquid coexistence curve, the regular-solution theory predicts a critical temperature that is too large. The quasi-chemical theory gives better results but nevertheless, shows some deviation from experiment.
Recently, based on the Ising model, Yan, Liu and Hu [8] developed a new analytical theory for mixtures of equi-sized spherical molecules; this theory is better than quasi-chemical theory when compared with Monte Carlo simulations. In the present work, we generalize this theory for binary lattice mixtures containing chain molecules of different size. Toward that end, we use the thermodynamic perturbation method, originally proposed by Wertheim [9, 10] , and by Stell and Zhou [11] [12] [13] to represent the thermodynamic properties of continuum-space polymer fluids. Compared to Freed's series-expansion theory [14] and Monte Carlo simulations [15] for lattice polymer mixtures, our generalized theory gives good agreement.
In most cases, the lattice model assumes that the volume of the mixture and the interchange energy ε are independent of temperature. However, for real mixtures, calculated results must take into account that interchange energy ε decreases with temperature due to expansion of the lattice. When a suitable temperature dependence for interchange energy ε is assigned to each theory, our proposed theory provides much improvement over the well-known FloryHuggins equation and slight improvement over Guggenheim's quasi-chemical theory.
Theory

Theoretical framework
For continuum-space associating fluids, Wertheim [9, 10] developed a thermodynamic perturbation theory. When the degree of association is unity, this theory becomes applicable to mixtures containing molecular or polymer fluids. Using a different approach, Stell and Zhou [11] [12] [13] obtained results identical to the first-order thermodynamic perturbation theory of Wertheim. Instead of deriving our theory in the customary language of a lattice model, we obtain an expression for ∆ mix A for a lattice mixture by comparison to that for a continuum-space polymer mixture.
We consider a binary associating-fluid mixture which contains r 1 N 1 associating spheres 1 and r 2 N 2 associating spheres 2. Each kind of associating sphere can react to form homogeneous polymer molecules with r 1 segments and r 2 segments, respectively. The numbers of chemical bonds of the two polymer molecules are b 1 and b 2 , respectively. The shapes of the polymer molecules can be linear or branched. For molecules without rings, b i = r i − 1. When the degree of association is zero, all spheres are non-bonded; we use this simple-fluid mixture as our reference fluid. When the degree of association is unity, the associating fluid becomes a binary polymer mixture which includes N 1 polymer molecules 1 and N 2 polymer molecules 2. According to the first-order thermodynamic perturbation theory [9] [10] [11] [12] [13] , the Helmholtz energy of the binary polymer mixture consists of three terms
where A id is the ideal contribution; A ref is the Helmholtz energy of the reference system in excess over the ideal part; and A assoc is the association contribution given by
where k B is Boltzmann's constant, T is absolute temperature, α i is the degree of association for component i, y ii is the cavity-correlation function for the associating spheres at the bonding distance. The cavity correlation function for the simple fluid is defined by [16] 
where g ii (r) is the radial distribution function and Γ ii (r) is the two-body potential of the non-bonded molecules. Now we consider a binary lattice mixture. The total number of lattice sites is N s and the coordination number is z. Each site of the lattice is occupied by a molecule or a molecular segment of type 1 or 2. Because all lattice sites are occupied
The volume fractions of the two components are defined by
For a binary mixture, there are three kinds of nearest-neighbors: 1-1, 2-2 and 1-2. The interaction energies of the three kinds of pairs are −ε 11 , −ε 22 and −ε 12 , respectively. The interchange energy ε is defined by
Although there are three energy parameters, for calculating ∆ mix A, we require only interchange energy ε. We use Eq. (1) for the binary lattice mixture but, unlike previous work, the reference system is now described by the Ising model, i.e., the binary lattice mixture of two kinds of monomers. To apply continuum-space theory to a lattice model, Eq. (2) needs some modification. Toward that end, we introduce local composition x ij of component j around component i; local composition means that, on the average, we find zx ij nearest-neighbor segments j around an arbitrarily chosen segment i. The local compositions satisfy the conservation equations
In continuum space, ρ j g ij (r)4πr 2 dr is the average number of segments j at distance r given that one segment of component i is at the origin, where ρ j is the number density of segments j. Because zx ij and ρ j g ij (r)4πr 2 dr have similar physical meaning, the "radial distribution function" for a lattice mixture is x ij /x j , where x j is the bulk composition of component j. Thus the "cavitycorrelation function" for a lattice mixture is y ij = exp(−ε ij /k B T )x ij /x j . According to this analogy, for a binary lattice mixture, the association Helmholtz energy in Eq. (2) becomes
Athermal mixture
The number of possible states for an ideal lattice mixture is
where f 1 and f 2 are the possible configuration numbers of the two kinds of molecules. The number of possible states for the pure lattice fluid is
Then, the ideal contribution to the Helmholtz energy of mixing is
Eq. (13) is identical to the equation obtained by Flory [4] more than 60 years ago, using an entirely different derivation.
For an athermal lattice mixture, the reference system is an athermal mixture of monomers. From the combinatorial argument, the total Helmholtz energy of mixing for the athermal reference system is
However, according to Eq. (13), when r 1 = r 2 = 1, the ideal part of ∆ mix A/ N s k B T for the reference system is also φ 1 ln φ 1 + φ 2 ln φ 2 . Because in Eq. (2) the reference system contribution to the Helmholtz energy of mixing is the difference between the two terms,
For calculating the association Helmholtz energy for the athermal system, we introduce another molecular parameter: the surface of molecule i, viz. zq i
The surface fractions are defined by
We assume that, for the athermal mixture, the contacting pairs distribute randomly. We consider that first, component 1 associates to form polymers while component 2 consists of monomers. When the degree of association is α 1 , the total molecular surface of monomers of component 1 is N s zφ 1 (1 − α 1 ). The total molecular surface of the mixture is
If the contacting pairs distribute randomly, then
Next, we consider the case where component 1 is completely associated and the degree of association of component 2 is α 2 . Then
According to Eq. (10), the association athermal Helmholtz energy for a binary mixture and that for a pure fluid i are, respectively A assoc,athermal mixture
The association contribution to Helmholtz energy of mixing for an athermal mixture is
Substituting Eqs. (13), (15) and (22) into Eq. (1), the Helmholtz energy of mixing for an athermal mixture is
Many years ago, Staverman [17] obtained the same result using an entirely different derivation.
Non-athermal mixture
The Flory-Huggins theory uses Eq. (13) for the athermal part and a mean-field term for the residual part. The total Helmholtz energy of mixing is
Eq. (24) is the well-known Flory-Huggins equation [4] . For the quasi-chemical theory of Guggenheim [2, 3, 7] , the Helmholtz energy of mixing is
(26)
For a binary non-athermal mixture, we use the Ising model for our reference system. Recently, Yan, Liu and Hu [8] proposed a new approximation for the Ising model for a mixture of equi-sized molecules with r 1 = r 2 = 1. They find that the local compositions of the Ising model satisfy
From Eqs. (24) and (25), Yan, Liu and Hu [8] obtain the residual Helmholtz energy of mixing
Because Yan et al. considered only mixtures of equi-sized spherical molecules, their expressions use mole fractions rather than volume fractions. We use volume fractions here because we are interested in asymmetric mixtures. From Eqs. (8), (9), (28) and (29), we also obtain
Substituting Eqs. (31), (32) into Eq. (10), we obtain the contribution of association to the residual Helmholtz energy of mixing
Combining Eqs. (30) and (33), we obtain the total residual Helmholtz energy of mixing
Upon adding Eq. (34) to Eq. (23), we finally obtain the total Helmholtz energy of mixing for a binary non-athermal mixture
Comparison with series-expansion theory and computer simulations
We now compare Eq. (35) with Freed's results from a series expansion [14] and with results from Monte Carlo simulations [15] for a lattice mixture.
Comparison with Freed's series-expansion theory
Bawendi and Freed [14] developed an exact series-expansion theory for lattice mixtures. For the athermal contribution to ∆ mix A, this theory gives 
To compare with Freed's result, we expand Eq. (23) in a power series of 1/z to order 1/z 2 giving somewhat smaller critical compositions. Our theory shows much improvement over Flory-Huggins theory, and some improvement over quasi-chemical theory and over truncated Freed theory. Using an expanded scale, Fig. 2 shows calculated liquid-liquid coexistence curves for two binary mixtures. As expected, the Flory-Huggins equation gives poor results. For the simple mixture (r 1 = r 2 = 1), agreement is very good. For the other mixture (r 1 = 4, r 2 = 1) calculated critical temperatures are too large. However, results from our theory are somewhat better than those from quasichemical theory. 
Comparison with experiment
We now compare results from Eq. (35) for vapor-liquid equilibria (VLE) and liquid-liquid equilibria (LLE) with those from experimental data. We assume that the coordination number z is 10, the number of bonds b i = r i − 1, and the surface of the molecules z i q i can be calculated from Eq. (16) . The number of molecular segments is proportional to the molar volume of the pure liquid v m,i . We designate the large molecules as component 1, and the small ones as component 2. We set r 2 = 1. Therefore,
However, unlike previous work, we consider the effect of temperature on interchange energy ε. We call attention to the oft-neglected fact that, while ε does not directly depend on temperature; it does so indirectly because, as temperature rises, lattice spacing increases. When the distance between closest neighbors increases, we expect the absolute values of ε 11 , ε 22 and ε 12 to de- Table 1 . Molecular parameters from VLE data for the isooctane (1)/carbon tetrachloride (2) system; r 1 = 1.71, r 2 = 1.00. crease. If this decrease is similar for all these energies, the absolute value of ε falls as temperature rises. We designate the lattice site-site separation by L.
From the London theory for attractive forces, we assume that the interchange energy depends on L according to
where ε 0 is a constant independent of L. Then,
where α T = (∂V/∂T ) P /V is the coefficient of thermal expansion of the mixture. If we assume that α T is a constant, then ln ε is a linear function of temperature.
Using our theory, we compare calculated isothermal VLE with experiment for two simple liquid systems: isooctane/carbon tetrachloride [18] and isooctane/benzene [19] . Tables 1 and 2 show the pertinent molecular parameters obtained from experimental VLE data. For these simple systems, as expected, we obtain very good VLE representation as shown in Figs. 3 and 4. For Table 2 . Molecular parameters from VLE data for the isooctane (1)/benzene (2) system; r 1 = 1.86, r 2 = 1.00. Fig. 7 shows the effect of temperature on interchange energy ε.
A much more stringent test of our theory is provided by its ability to represent the coexistence curve for LLE. We consider the nearly symmetric CF 4 /CH 4 system [20, 21] . For the temperature dependence of ε, we interpolate using experimental data well below and somewhat above the upper critical solution temperature as indicated in Table 3 . Fig. 8 compares experimental results 
Conclusion
Using lattice theory and a generalization of an expression by Yan, Liu and Hu based on the Ising model for mixtures of equi-sized molecules, we have established a new analytic equation for the Helmholtz energy of mixing two liquids composed of molecules that differ in size. Our equation provides an approximation to describe the effect of nonrandom mixing. For the relatively simple mixtures discussed here, this effect is negligible in vapor-liquid equilibria remote from critical conditions, but it is important for liquid-liquid equilibria, especially near the upper critical temperature. When compared with molecular simulations (where interchanger energy ε is independent of temperature), our theory gives good results; but when compared with experimented liquidliquid data, our theory shows little improvement over those obtained from quasi-chemical theory. The similarity of results from these two theories follows because, for each theory, we have taken into account that interchange energy ε depends on temperature due to expansion of the lattice as temperature rises.
